Abstract. The subject of the present paper is an application of quantum probability to p-adic objects. We give a quantum-probabilistic interpretation of the spherical Hecke algebra for PGL 2 (F ), where F is a p-adic field. As a byproduct, we obtain a new proof of the Fourier inversion formula for PGL 2 (F ).
Introduction
Hecke operators acting on the space of modular forms are central objects in number theory. There are stochastic problems of eigenvalues of Hecke operators. As a remarkable example, the Sato-Tate conjecture (proved in [7] , [6] and [3] ) is known. This states that, eigenvalues of all Hecke operators {T p } p with respect to a fixed simultaneous eigenvector are equidistributed in the interval [−2, 2] with respect to the probability measure √ 4 − x 2 2π dx.
Before the Sato-Tate conjecture was resolved, as a deduction from the Eichler-Selberg trace formula, Serre [14] had found out the vertical Sato-Tate law: For a fixed p-th Hecke operator T p for a prime number p, all eigenvalues of T p are equidistributed in the interval [−2, 2] with respect to the probability measure
Each of two measures as above is called the Wigner semicircle distribution and the Kesten distribution with parameter p + 1, respectively. The Kesten distribution with parameter p + 1 is understood as the spherical Plancherel measure for PGL 2 (Q p ) and appears in studies of modular forms and their L-functions (e.g., [11] , [5] , [21] , [16] , [17] , [18] and [19] ). The Wigner semicircle distribution and the Kesten distributions have been studied in a framework of quantum probability theory, which captures a classical random variable as an element of a unital * -algebra not necessarily commutative. A quantum probability space is a pair (A, ϕ) of a unital * -algebra A and a state ϕ : A → C. The state ϕ is a substitute of expectation, and (A, ϕ) recovers classical probability theory when A is commutative. It is well-known that the m-th moment ϕ(a m ) for a ∈ A is described by that of a probability measure and an interacting Fock space (cf. [1] ), on which an analogue of decomposition of the quantum harmonic oscillator into the creation and the annihilation operators are discussed. Such a decomposition is applied to analysis of asymptotic spectral distributions of graphs (cf. [2] , [8] and [10] ) and to quantum-classical correspondence asymptotically controlled by the arcsine law (cf. [12] and [13] ).
The consideration above inspires us to give a new insight into the Hecke operator T p in terms of quantum probability theory. In this paper, we treat the p-adic group G = PGL 2 (Q p ) for a prime number p and its spherical Hecke algebra H(G, K) consisting of all PGL 2 (Z p )-biinvariant C-valued functions on G with compact support, keeping in mind that the Hecke operator T p on modular forms corresponds to an action to adelized modular forms of an element T (pZ p ) of H(G, K) (cf. [4, §3.6]). Our new contribution in this paper is to give an interacting Fock space structure to H(G, K) and a quantum decomposition of the T (pZ p )-multiple (see Theorem 4) . As a corollary, we give a new proof of the Fourier inversion formula for PGL 2 (Q p ) originally given by Macdonald [9] . The key of his proof is a concrete calculation of integrals concerned with the explicit formula (3.1) of spherical function. In contrast to his proof, we use quantum probability theory and intrinsic properties of spherical functions, and prove the inversion formula without explicit forms of those functions. Throughout this paper, we describe our results for any non-archimedean local field F in place of Q p .
Preliminaries
Let N denote the set of all positive integers and set N 0 = N ∪ {0}. For a set X and its subset A, ch A denotes the characteristic function of A on X.
Let F be a non-archimedean local field, o its integer ring and p the maximal ideal of o. The cardinality of the residue field o/p is denoted by q. We fix a uniformizer ̟ of F . For example, the p-adic field F = Q p for a prime number p is a non-archimedean local field with characteristic 0. In this case, we have o = Z p , p = pZ p and q = p. The prime number p is a uniformizer of Q p .
Set G = PGL(2, F ) and K = PGL(2, o). The unit element of G is denoted by 1 2 . Then K is a maximal compact subgroup of G and the Cartan decomposition G =
. We take a Haar measure dg on G such that the volume of K equals 1.
Let B be the Borel subgroup of G consisting of the upper triangular matrices. For s ∈ C, we denote by π s = Ind
. If s ∈ X, then π s is an irreducible unitarizable representation of G and the K-invariant subspace of V s is one dimensional. We remark that the representations π s (s ∈ X) exhaust the unitary representations appearing in the spectral decomposition of L 2 (G/K). Let H(G) be the Hecke algebra of G, that is, the space of all C-valued locally constant functions with compact support. This is a non-commutative associative algebra over C without unit, where the product
Then H(G) has a * -algebra structure by f * (g) = f (g −1 ). The * -algebra H(G) acts on C(G) by right translation R:
Let H(G, K) denote the subalgebra of H(G) consisting of all K-biinvariant functions in H(G). It has a * -subalgebra of H(G) and commutative (cf. [4, Theorem 4.
Hecke operators
where Z is the center of GL 2 (F ). Then, Lemma 1. For any n ∈ N, we have
r=0 Ψ n−2r in the same way as [15, Lemma 6] . By solving this on Ψ n , we have the following (cf. [15, Remark 7] ).
Lemma 2. We have
Lemma 3. We have the relations
Proof. We use Lemmas 1 and 2. For n = 1, a direct computation gives us
For any n ≥ 3, we obtain
The case n = 2 is similarly computed. Thus we are done. Recall that H(G, K) is a pre-Hilbert space with respect to the L 2 -inner product ·, · G . The Cartan decomposition of G yields that {Φ n } n is an orthogonal system and generates H(G, K) because of f (g) = ∞ n=0 f ( ̟ n 0 0 1 )Ψ n . Therefore we can define B + and B − in End(H(G, K)) by
Combining these with Lemma 3, we have the following.
is an interacting Fock space. The associated Jacobi coefficient ({ω n } n , {α n } n ) is given by ω 1 = q+1 q , ω n = 1 for n ≥ 2, and α n = 0 for all n ∈ N 0 . Furthermore, we have the quantum decomposition
The operators B + , B − and B 0 are called the creation, the annihilation, and the preservation operators, respectively.
Let ϕ : H(G, K) → C be the vector state for Φ 0 :
Then (H(G, K), ϕ) is a quantum probability space and T ′ (p) is a real random variable in (H(G, K), ϕ). This yields the following equality of m-th moments.
Corollary 5. For any m ∈ N 0 , we have
Proof. This is a consequence of [10, Theorem 4.11] . To complete the proof, it suffices to determine a probability measure µ on R associated with ({ω n } n , {α n } n ). In this case, as in [10, p.96] , µ is the free Meixner distribution with parameter (
Since the continued fraction as above is periodic, the right-hand side is computed as
where the square root is taken so that √ z > 0 for any z > 0. Hence the inverse of the Stieltjes transformation yields
Hence, we obtain the desired formula.
There exists an orthogonal polynomial system {P n } n associated with ({ω n } n , {α n } n ). By the proof of [10, Theorem 4.11], we have a unitary mapping U :
Remark : In the proof of Corollary 5, we can determine µ also in the following way.
) for any n ∈ N 0 , where U n is the n-th Chebyshev polynomial of 2nd kind. Combining this with the definition of Φ n , the family {P n } n is described as P 0 (x) = 1,
Then, from the computation in [14, §2.3], µ is given by (2.1).
Spherical functions and Fourier transforms
In this section, we show an application of Corollary 5 to the Fourier inversion formula for G/K.
Fourier inversion formula. Let us review the Fourier inversion formula for
Then Ω s is uniquely determined by three properties, and called a spherical function. The spherical function Ω s can be given as follows. Let φ 0 be the K-invariant vector of π s determined by φ 0 ∈ V K s and φ 0 (1 2 ) = 1. The representation π s has a G-invariant inner product given by
be the ring of polynomial functions on X with respect to q −s + q s . Similarly to F , we define F * : A → C(G) by
Here dν(s) is a positive Radon measure on X given by
This measure is called the spherical Plancherel measure for G. Remark that the space X parametrizes the spherical tempered unitary dual of G. The Fourier inversion formula is stated as follows.
Theorem 6. The image of F and of F * is contained in A and H(G, K), respectively. Both F : H(G, K) → A and F * : A → H(G, K) are isometries and each of these is the inverse of the other. Furthermore, both F and F * are extended to isometries between L 2 -spaces;
This result as above is a special case of [9, Theorem 5. 
. We give integral representations of U and of U −1 . The following gives us an alternative proof of Theorem 6.
for any f ∈ H(G, K) and
for any α ∈ A.
Proof. We have only to compute ι • U(T ′ (p) m ) and
for m ∈ N 0 , which leads the assertion for ι • U. Let ·, · X denote the L 2 -inner product on L 2 (X, dν). For m, n ∈ N 0 , we see
Here we use that both U and ι are isometries. By the integral representation of ι • U, the first term of the last line of the equalities above is transformed into
Since both X and supp(T ′ (p) n ) are compact, Fubini's theorem is applied and the last line of the equalities above vanishes. Since n is arbitrary, the equality
holds, from which we obtain the assertion for U −1 • ι −1 . 1 − q −2s q ns , n ∈ N 0 (3.1) (see also [4, Theorem 4.6.6] ). His proof of Theorem 6, which is valid for a general p-adic group, relies on explicit calculations of the integrals F (Ψ m ) and F * ((q −s + q s ) m ) (cf. [20] and [22, §5.4] ). Contrary to Macdonald's method, we use properties (i) and (iii) of the spherical function Ω s but not its explicit formula (3.1). Indeed, we first obtain isometries ι • U and U −1 • ι −1 by virtue of quantum probability theory, and finally obtain integral representations F and F * of them.
Remark

